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Magic-angle twisted bilayer graphene (MA-tBLG) has appeared as a tunable testing ground to
investigate the conspiracy of electronic interactions, band structure, and lattice degrees of freedom
to yield exotic quantum many-body ground states in a two-dimensional Dirac material framework.
While the impact of external parameters such as doping or magnetic field can be conveniently
modified and analyzed, the all-surface nature of the quasi-2D electron gas combined with its intricate
internal properties pose a challenging task to characterize the quintessential nature of the different
insulating and superconducting states found in experiments. We analyze the interplay of internal
screening and dielectric environment on the intrinsic electronic interaction profile of MA-tBLG.
We find that interlayer coupling generically enhances the internal screening. The influence of the
dielectric environment on the effective interaction strength depends decisively on the electronic state
of MA-tBLG. Thus, we propose the experimental tailoring of the dielectric environment, e.g. by
varying the capping layer composition and thickness, as a promising pursuit to provide further
evidence for resolving the hidden nature of the quantum many-body states in MA-tBLG.
Introduction. Stacking two graphene layers at a twist
angle θ on top of each other leads to twisted bilayer
graphene (tBLG) featuring a moire´ pattern with an in-
tricate emergent low-energy electronic structure. For
small twist angles θ < 2 ◦, the resulting superlattices
host several thousand atoms per unit cell. In this sit-
uation, the electronic bands around the charge neutral-
ity point (CNP) become very flat [1, 2], which facilitates
strong correlation effects. Recent experiments [3–6] re-
ported the emergence of possibly unconventional super-
conducting and insulating states in magic-angle tBLG
(MA-tBLG) at different levels of doping. The insulating
states occur for commensurate fillings at both electron
and hole dopings [3, 5, 7], signaling a possible Mott-
Hubbard origin [8–10]. Around these insulating states,
superconductivity emerges [4, 5, 7], resembling the phase
diagram of high-Tc cuprate superconductors [11, 12] and
other unconventional superconductors [13, 14]. Different
models [8–10, 15–32] have been proposed to understand
the physics behind these insulating and superconducting
states.
Electronic correlations in ultrathin systems such as
MA-tBLG depend decisively on the effective electron-
electron interaction profile, which is determined by a
delicate interplay of screening processes taking place in
the dielectric environment and the material itself [33–35].
The profile of the effective electron-electron interactions
presents a central uncertainty in the current understand-
ing of MA-tBLG.
In this Letter, we provide a quantitative study of the
internal polarizability and effects of the dielectric envi-
ronment on the effective electron-electron interaction in
MA-tBLG. We consider MA-tBLG in dielectric surround-
ings, see Fig. 1(a-b), directly resembling different exper-
imental setups: (a) MA-tBLG is separated by possible
hexagonal boron nitride (hBN) encapsulation from a di-
electric environment (ε2) at distance d below and above.
The case of a metallic gate at a certain distance d from
MA-tBLG is included in this analysis for ε2 → ∞. (b)
The special case of the dielectric ε2 in direct contact with
MA-tBLG as realized for d = 3.35 A˚. Our main find-
ings are: (1) intrinsic screening in MA-tBLG is enhanced
by interlayer coupling and is larger than previously as-
sumed in the model of uncoupled graphene double layers
[3, 8, 18, 24, 36–41], (2) in a possible Mott insulating
phase, the effective interaction can be modulated on the
order of 50% by changing the dielectric environment, and
(3) metallic states of MA-tBLG are mostly insensitive
to the dielectric environment. Finally, a generically ap-
plicable, realistic, and yet simple model of the effective
electron-electron interaction in MA-tBLG setups as de-
picted in Fig. 1 is provided.
Internal screening. As a first step, we calculate the
intrinsic polarization function of MA-tBLG in the ran-
dom phase approximation (RPA) using the low-energy
continuum model for the electronic bands of tBLG from
Refs. [2, 8]. In this model [42], two sets of Dirac electron
bands originating from the lower and the upper graphene
layers hybridize due to the interlayer coupling, which is
modulated with the periodicity of the moire´ superlattice
(c.f. Fig. 1(c)). In reciprocal space, there is correspond-
ingly a coupling between Dirac electron states at each k
vector in one layer with states at k+G in the other layer,
where G is a reciprocal lattice vector associated with the
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2FIG. 1: (Color online) Setups for dielectric engineering of MA-
tBLG: (a) MA-tBLG encapsulated in hBN, where the dielec-
tric function ε1 ≈ 4 encodes both the contribution from hBN
(gray) and from the σ-band higher energy background of MA-
tBLG (red). ε2 describes the dielectric surrounding (blue) at
a distance d from the center of MA-tBLG. MA-tBLG with
a metallic gate at a distance d is realized for ε2 → ∞. (b)
Dielectric ε2 in direct contact with MA-tBLG as described by
d = 3.35 A˚, which is the interlayer distance of BLG and hBN
[34]. (c) In the moire´ pattern of MA-tBLG, AA and AB/BA
regions can be recognised according to the stacking of the
atoms in each graphene layer. The moire´ lattice constant λ
corresponds to the distance between adjacent AA regions, and
is 134 A˚ for the first magic angle. (d) The reciprocal space is
broken up into the hexagonal mini Brillouin zones (BZ) asso-
ciated with the moire´ real-space superlattice. The reciprocal
lattice is spanned by the reciprocal lattice vectors GM1 and
GM2 [8]. Neighboring mini-BZ are included in the low-energy
continuum description of MA-tBLG up to a certain cutoff Gc.
moire´ superlattice: G = mGM1 + nG
M
2 with m, n inte-
gers and GM1 and G
M
2 spanning the reciprocal lattice of
tBLG, see Fig. 1(d). Then, the electronic states of tBLG
are expanded in terms of coupled two-dimensional Dirac
spinors up to a certain plane wave cutoff Gc = 8GM ,
where GM = |GM1 | = |GM2 | [42]. MA-tBLG is then real-
ized when the twisting angle is set to 1.05 ◦.
In reciprocal space, the polarization operator Π0 is a
function of the scattering vector q and a matrix indexed
by reciprocal lattice vectors G and G′. At zero trans-
ferred frequency, Π0 takes the form [43]
ΠG,G
′
0 (q) =
gsgv
SMN
∑
k
α,β
G2,G
′
2
MαβG2,G′2,G,G′
fαk − fβk+q
iη + Eαk − Eβk+q
.
(1)
Here, gs = gv = 2 are the spin and valley degeneracy
factors, SM =
√
3λ2/2 is the moire´ unit cell area, where
λ ≈ 134 A˚ is the moire´ lattice constant, N = 100 is the
number of k points, α and β encode the sublattice (A1,
B1, A2 and B2) and band indices [42], G2, G
′
2, G and G
′
are reciprocal lattice vectors, fαk and E
α
k are, respectively,
the Fermi function and the band energy of α at k, η =
0.5 · 10−6− 10−8 eV is the broadening parameter, and we
consider the temperature T ≈ 50 K (inverse temperature
β = 200 eV−1) to calculate the Fermi functions fαk in
Eq. (1) [42]. Π0 is thus given in units of eV
−1 A˚
−2
. The
overlap matrix M results from the Dirac spinor plane
wave expansion coefficients cα,Gk via
MαβG2,G′2,G,G′ = (c
α,G2
k )
†(cβ,G
′
2−G′
k+q )
†cβ,G
′
2
k+q c
α,G+G2
k . (2)
We then study the internal screening in MA-tBLG for
two possible scenarios: first, screening according to the
RPA, which assumes MA-tBLG to be in a conventional
metallic state; second, a scenario resembling insulating
states which are modeled within the so-called constrained
RPA (cRPA) [44]. In the cRPA, polarization processes
taking place inside the low-energy flat bands are excluded
from Eq. (1) by setting fαk =
1
2 for all states α from this
low-energy sector. The resulting cRPA partially screened
interactions are those which should be considered in ef-
fective Hamiltonians solely dealing with the low-energy
flat bands, and correspond also to the screened interac-
tions that would be expected if electronic correlations
suppress low-energy polarization processes like in a Mott
insulator [45, 46].
The results presented in the following are obtained at
charge neutrality with the continuum model from Ref.
[8] at a twist angle of θ = 1.05 ◦. We show in the supple-
mental material [42] that our results are robust against
changes in twist angle, doping, and interlayer coupling
parameters.
Fig. 2 compares the RPA and cRPA polarization func-
tions [42, 47] for MA-tBLG to the case of uncoupled
tBLG, where the interlayer coupling is neglected. Un-
coupled tBLG hosts 8 flavors of ideal Dirac fermions due
to spin gs = 2, valley gv = 2, and layer degeneracy gl = 2
resulting in a linearly-q dependent polarization function
[48]:
ΠDirac0 (q) = gsgvgl
q
16~vF
, (3)
where vF is the Fermi velocity. For q < GM , the in-
trinsic polarization functions of MA-tBLG, both in RPA
and cRPA, systematically exceed the uncoupled tBLG
model. Intrinsic screening is, thus, significantly larger
in MA-tBLG than previously assumed [3, 8, 18, 24, 36–
41]. Only at larger momentum transfer q & 1.5GM ≈
0.08 A˚
−1
, the RPA and cRPA polarization functions of
MA-tBLG approach values corresponding to the uncou-
pled model. This behavior can be understood from the
interplay of intra- and interlayer coupling: at sufficiently
large momentum transfer q > GM , the intralayer cou-
pling ~vF |q| & 0.3 eV dominates over the interlayer one.
At q < GM , however, the interlayer coupling cannot be
neglected.
3In the RPA model, i.e. in the metallic case, the en-
hancement of screening for q < GM is due to the high
density of states (DOS) around the Fermi level originat-
ing from the flat bands. In the cRPA screening processes
inside flat bands are excluded, which explains why the
polarization function is smaller than in the RPA case.
Still, the cRPA polarizability is clearly enhanced as com-
pared to the uncoupled case for q < GM . This can be
understood as follows: While polarization processes tak-
ing place entirely inside the flat band manifold are ex-
cluded in cRPA, gapped transitions between states asso-
ciated with peaks in the DOS, e.g. between the flat bands
and higher energy states with corresponding peaks in the
MA-tBLG DOS around E ≈ ±20 meV and ±60 meV [42]
are possible. These gapped transitions are reminiscent
of atomic systems. The hydrogen atom, as simplest ex-
ample, would yield a q-dependent polarizability of the
form ΠH0 (q) ∼ q
2(
1+( qb )
2
)5 [49], where the parameter b
is an effective inverse orbital radius. Superimposing this
quasi-atomic model ΠH0 with a Dirac electron background
capturing all higher energy processes leads to the ansatz:
ΠD+H0 (q) = Π
Dirac
0 (q) + a
q2(
1 +
(
q
b
)2)5 . (4)
Fig. 2 shows that Eq. 4 fits the cRPA numerics very well,
upon choosing a ≈ 4.1eV−1 and b ≈ 0.088A˚−1. Thus, we
suggest to use Eq. (4) for calculations of cRPA screened
Coulomb interaction matrix elements in MA-tBLG.
While screening in MA-tBLG has been often ap-
proximated in terms of uncoupled tBLG [3, 8, 18,
24, 37–41], an alternative point of view is that MA-
tBLG is a patchwork of AA and AB stacked bilayer
graphene (BLG) regions. For q & GM/2 the MA-
tBLG polarizability fits, indeed, into the range marked
by the low-energy density of states (DOS) of AA
BLG, NAA(EF ) = 0.0158 eV
−1 A˚
−2
, and AB BLG,
NAB(EF ) = 0.0042 eV
−1 A˚
−2
[50]. Further below we
show that the AB BLG model gives good estimates for
the effective local interactions when compared with the
cRPA. On physical grounds, our results for the polar-
ization function show that MA-tBLG can be seen as a
flat band system embedded in an almost metallic back-
ground generated by the higher energy bands, which are
separated by approximately 15 meV from the low-energy
flat bands [42].
Dielectric engineering. We now assess the possibilities
for dielectric engineering of MA-tBLG in experimental
setups as shown in Fig. 1(a-b). The screened interaction
is
W (q) =
V (q)
ε(q)
, (5)
where V (q) = 2pie2/q is the bare interaction and ε(q) =
εenv(q) + V (q)Π0(q) is the dielectric function [48]. The
FIG. 2: (Color online) Static polarization function of MA-
tBLG in comparison to uncoupled tBLG (ΠDirac0 , orange
line) from Eq. (3), the model of quasi-localized states plus
Dirac background (ΠD+H0 , green dashed line) from Eq. (4),
and the DOS of commensurate AA (brown dash-dotted line)
and AB BLG (pink dash-dotted line). For MA-tBLG, po-
larizabilities from RPA (red line) assuming a metallic state
and cRPA (blue line), i.e. excluding polarization processes
within the flat bands similarly to a Mott insulator, are shown.
GM = 0.057 A˚
−1
marks the length of the reciprocal lattice
vectors.
latter accounts for the screening resulting from the elec-
trons in the bands of MA-tBLG via Π0(q) plus the screen-
ing produced by the dielectric surrounding and higher en-
ergy bands of MA-tBLG summarized in εenv(q). In the
setups from Fig. 1, the background dielectric function
reads [34]
εenv(q) = ε1
1− ε˜22e−4qd
(1 + ε˜2e−2qd)
2 , (6)
where we approximated ε1 ≈ 4 [48] and ε˜2 = (ε1 −
ε2)/(ε1 + ε2). Together with the polarizability Π0(q) ob-
tained either numerically in cRPA from Eq. (1) or con-
veniently from the fit of Eq. (4), Eqs. (5) and (6) specify
the appropriately screened interaction of MA-tBLG in
different dielectric surroundings, which should be incor-
porated in interacting electron models of the low-energy
flat bands.
To illustrate the influence of the dielectric surrounding
on the effective interaction in MA-tBLG in terms of a sin-
gle descriptor, we consider an effective local interaction
U obtained by Fourier transformation of W (q):
U =
∫
d2q
(2pi)2
W (q) =
∫ qc
0
dq
2pi
qW (q). (7)
Here, the cutoff qc relates to the 2D radial spread rWF of
the Wannier functions (WF) constructed from the MA-
tBLG low-energy bands: qc ≈ pi/rWF . We choose rWF
to be half of the moire´ lattice constant λ, hence qc ≈
0.047 A˚
−1
.
Fig. 3(a) shows the influence of the dielectric environ-
ment ε2 on U , where we assume that the surrounding
4FIG. 3: (Color online) Dielectric engineering of MA-tBLG with an external dielectric ε2 at a distance d. (a) Effective local
interaction U as a function of the dielectric constant ε2 of the environment in direct contact with MA-tBLG. The RPA (red line)
mimicking metallic screening and cRPA (blue line) numerical results assuming suppressed low energy screening for MA-tBLG
are compared with the analytical estimates from the AB BLG model (pink dash-dotted line) and the quasi-atomic model with
Dirac background (D+H, green dashed line) from Eq. (4). (b) Influence of a metallic gate (ε2 → ∞) at a distance d from
MA-tBLG on U . (c) Effective cRPA screened local interaction U (color coded) as a function of the dielectric surrounding ε2
and its distance d from MA-tBLG.
dielectric is in direct contact with MA-tBLG (c.f. Fig.
1(b)). Assuming a metallic state of MA-tBLG as in the
RPA model, the dielectric environment has barely any
effects, and U remains almost constant around 10 meV.
This insensitivity of metallic states in MA-tBLG to the
dielectric surrounding is due to a high intrinsic polar-
izability which masks any environmental polarizabilities
(c.f. RPA curves in Fig. 2 and Fig. S3 of the supplemen-
tal material [42]).
On the other hand, the cRPA estimated U varies from
40 meV to ≈ 20 meV when ε2 increases. Interestingly,
40 meV is approximately the splitting of the upper and
lower Hubbard bands when a gap is opened at the CNP,
as recently measured in scanning tunneling spectroscopy
(STS) [6]. Besides its relevance for low-energy effec-
tive Hamiltonians, the cRPA solution resembles the fully
screened interaction in certain insulating states, where
screening from the low-energy states is suppressed. In
this situation the dielectric environment can modify the
effective interaction U up to ≈ 40− 50 %.
The influence of the metallic gate (ε2 → ∞) at a dis-
tance d from MA-tBLG (c.f. Fig. 1(b)) on the effective
local interaction U is shown in Fig. 3(b). In an insu-
lating state (cRPA case), the influence of the metallic
gate is strong if the distance from MA-tBLG is on the
order of d . 20 A˚. In this case, U is reduced by a fac-
tor of two when approaching the gate from d ∼ 30 A˚ to
d ∼ 10 A˚. The fact that the metallic gate has to be as
close as d . 20 A˚, which is much smaller than the moire´
lattice constant (134 A˚), in order to see any substancial
effect on U even in the cRPA / insulating case is due to
MA-tBLG being a flat-band system embedded in an al-
ready almost metallic background. In the RPA case, the
metallic gate has again a much smaller effect on U . Only
for metallic gates very close to MA-tBLG (d ≈ 3.35 A˚),
U is reduced from 10 meV to 5 meV. Thus, in metallic
states of MA-tBLG (RPA case), metallic gates can only
influence the electron-electron interactions due to exter-
nal screening if they are very close to the MA-tBLG,
and a possible hBN spacer separating the gate from the
MA-tBLG should be as thin as a monolayer. The depen-
dence of the effective local cRPA screened interaction U
on the dielectric surrounding ε2 and its distance d from
MA-tBLG is summarized in Fig. 3(c). U can be re-
duced from 40meV (free standing case) to 10meV (strong
screening environment) if the surrounding dielectric gets
sufficiently close d . 20 A˚.
Additionally to the RPA and cRPA numerics according
to Eq. (1), we also propose simple approximate forms to
calculate screened Coulomb interaction matrix elements.
First, by choosing the expression of Eq. (4) for the polar-
izability, we reproduce also the effective cRPA screened
local interaction quite accurately. Even more simplisti-
cally, Fig. 3 also shows that screening based on the DOS
of AB BLG provides us with a good estimate for U in
the cRPA case.
Summary. We have shown that the sensitivity of the
interaction profile in MA-tBLG to the dielectric environ-
ment depends decisively on the quantum state of the elec-
trons in the low-energy flat-band manifold. Currently,
the nature of the insulating states at half-filling, of super-
conductivity near half-filling, and of the gaps measured
in STS at charge neutrality are major open problems in
the understanding of MA-tBLG. What would an exper-
imentally detected significant influence of the dielectric
surrounding on spectral, thermodynamic, or transport
properties in any of these phases imply? Based on our re-
sults any strong influence of the external dielectric means
that charge screening in the low-energy bands is substan-
tially suppressed as compared to a conventional metallic
state as assumed in RPA. That is hardly possible for in-
sulating or any kind of ordered states resulting from a
weak coupling instability, which affect only a small sec-
tor of states in the vicinity of the non-interacting Fermi
surface. Thus, significant impact of external dielectrics
on correlated insulating states implies that they are at
5strong coupling in the sense that states from the entire
mini-BZ contribute significantly. Similarly, any impact
of the dielectric surrounding on superconductivity im-
plies strong coupling physics at work, and possibly hints
at an unconventional origin.
Currently, there are arguments in favor and against
strong coupling physics governing different parts of the
MA-tBLG phase diagram. On the pro side, is the ratio
of effective interactions and bandwidth: in case of par-
tial screening as described in cRPA, the effective interac-
tion largely exceeds the bandwidth, which is suggestive
of strong coupling. In line with a strong coupling sce-
nario, close to charge neutrality, STS further measured
”gaps” on the scale of several 10 meV [6] and transport
experiments reported suppression of conductance around
charge neutrality being robust against temperature and
magnetic fields [3, 5, 7]. At and around half-filling, the
situation is more complex: the generic shape of the phase
diagram in this region appears to exhibit similarities to
the cuprate high-Tc superconductors, which might be
seen as an indication pro strong coupling physics. At
half filling, however, the insulating states are fragile, i.e.
they are easily destroyed by magnetic fields (B ∼ 5 T)
and temperature (T ∼ 4 K), in line with gaps that are
small (∆ ∼ 0.3 meV) [3, 5, 7]. All these energies are at
least an order of magnitude smaller than the expected
width of the flat bands, and would be consistent with
a weak coupling scenario. Experimental studies of the
response of MA-tBLG to changes in the surrounding di-
electric will thus be useful to distinguish between strong-
and weak-coupling scenarios, and to pinpoint the nature
of the different quantum many-body states in MA-tBLG.
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7SUPPLEMENTAL MATERIAL
In section A of this Supplemental Material, we give
a short description of the low-energy continuum model
developed in Refs. [2, 8] for tBLG and employed here.
We show the band structure and the DOS around the
charge neutrality point (CNP) for the first magic angle
1.05 ◦. In section B, we discuss the matrix structure of
the polarization operator given in Eq. (1) of the main
text as obtained in RPA and cRPA. Section C analyzes
the dielectric function ε(q) of MA-tBLG in different di-
electric environments. Section D discusses the tempera-
ture dependence of the polarization functions in RPA and
cRPA. In section E, we study the dependencies of internal
screening in tBLG on twist angle, doping and variations
in vertical coupling parameters used in the continuum
model. In section F, we investigate how gaps on the or-
der of 0.1 meV to 1 meV opened at the CNP and at
half-filling of the flat bands affect the polarization func-
tion of MA-tBLG.
LOW-ENERGY CONTINUUM MODEL FOR
tBLG
We outline here the low-energy continuum model
which we used for the description of the electronic band
structure of MA-tBLG. The model has been introduced
in [2, 8]. By neglecting the intervalley coupling, the total
low-energy Hamiltonian can be written as
H ≈
(
H+ 0
0 H−
)
, (8)
where Hξ, ξ = ±, describe the two valleys separately.
The intravalley blocks are written in the space of the
sublattices (A,B) and layer (1, 2) degrees of freedom,
(A1, B1, A2, B2)
ξ
Hξ =
(
h1 h
†
θ
hθ h2
)
, (9)
where hl with l = 1, 2 are the intralayer terms, and hθ
the interlayer ones. Then, following derivations in [8],
the intralayer term can be written as
hl = −~vF
[
R(±θ/2)(k−Kξl )
]
· (ξσx, σy), (10)
where ± stands for l = 1 and 2, respectively, ~vF /a =
2.1354 eV, R(θ) is the 2D rotation matrix, σx and σy are
the 2D Pauli matrices and Kξl are the rotated grapheneK
points of each layer l in each valley ξ. For the interlayer
term we use
hθ =
(
u u′
u′ u
)
+
(
u u′ω−ξ
u′ωξ u
)
eiξG
M
1 ·r
+
(
u u′ωξ
u′ω−ξ u
)
eiξ(G
M
1 +G
M
2 )·r,
(11)
with ω = ei2pi/3, the AA interlayer coupling u =
0.0797eV and the AB interlayer coupling u′ = 0.0975eV.
The inequality u 6= u′ accounts for possible corrugation
effects in MA-tBLG [8]. Uncoupled tBLG calculations
are performed by switching off the interlayer terms, i.e.
hθ ≡ 0. Due to the valley and spin degeneracy, we simply
diagonalize H+ to calculate the intrinsic static polariza-
tion ΠG,G
′
0 and including degeneracy factors gv = 2 and
gs = 2 in Eq. (1).
The diagonalization of H+ is performed in the k-space.
Then, there is a coupling between Dirac electron states
at each k vector in one layer with states at k + G in the
other layer, where G = mGM1 + nG
M
2 is the reciprocal
vector associated with the moire´ superlattice, m and n
are integers, and GM1 and G
M
2 span the reciprocal lattice
of tBLG. The electronic states are
φαk(r) =
∑
G
cαke
i(k+G)·r, (12)
where α encodes the sublattice / layer X =
A1, B1, A2, B2 and band n indices [8]. These eigenstates
are expanded up to a certain plane wave cutoff Gc. In
this work, we use Gc = 8 for the calculation of Π0(q) in
Fig. 2, and Gc = 2 in the calculations of the matrices
ΠG,G
′
0 (q) in Fig. S2.
In Fig. S1, we show the band structure and the DOS
of MA-tBLG for the first magic angle 1.05◦, as well as its
comparison with uncoupled tBLG. The flat bands with
bandwidth W ≈ 7 meV, as well as the higher energy
bands separated by gaps of the order of 10 meV from the
flat bands are well reproduced.
In cRPA, polarization processes taking place inside the
flat band manifold are excluded. However, gapped tran-
sitions between states associated with peaks in the DOS,
e.g. between the flat bands and higher energy DOS peaks
around, are still possible. These gapped transitions are
reminiscent of the atomic systems such as the hydrogen
atom. The q-dependent polarizability from transitions
between hydrogen s and p-orbitals reads [49]
ΠH0 (q) ∼
q2(
1 +
(
q
b
)2)5 , (13)
where b is an effective inverse orbital radius. Superimpos-
ing this quasi-atomic model with a Dirac electron model
capturing all higher energy processes leads to the ansatz
8FIG. S1: (Color online) (a) Band structure and (b) density of states (DOS) at the first magic angle 1.05 ◦ for valley ξ = + for
MA-tBLG (red) as derived from the low-energy continuum model, and for uncoupled tBLG (dashed black). The DOS shown
here is per valley and spin degrees of freedom.
of Eq. (4) from the main text. As shown in the main
text, this ansatz yields a very good fit of the polarization
function in the cRPA case.
POLARIZATION MATRIX
Fig. S2 shows the polarization matrix ΠG,G
′
0 (q) for
q → Γ, K and M as obtained in RPA and cRPA using
Gc = 2. In the cRPA case (top row of Fig. S2), the diag-
onal elements are the leading elements for all q. In the
RPA case (bottom row of Fig. S2), local field effects, i.e.
off-diagonal matrix elements of ΠG,G
′
0 (q) with G 6= G′,
become progresively more important when q is close to
the mini BZ boundaries. However, the diagonal elements
are still largest for small q, which is the decisive region
of q-space to determine the impact of substrate screening
effects.
DIELECTRIC FUNCTION FOR tBLG
The screening of Coulomb interactions is encoded in
the dielectric function ε(q) = εenv(q) + V (q)Π(q), where
εenv(q) as given in Eq. (6) of the main text accounts for
the different dielectric environments (c.f. Fig. 1 of the
main text). We neglected local field effects in the study of
the dielectric function which is well justified at all q in the
cRPA case and at small q, which are most relevant here,
also in the RPA case (c.f. section 2 of the supplement).
Fig. S3 shows the dielectric functions for the cRPA (top
row) and RPA (bottom row) for MA-tBLG in different
dielectric environments ε2 at different distances d = 3.35,
10 and 20 A˚.
In the RPA case, the intrinsic screening is strong.
Hence, the dielectric environment has a small effect, as
seen in Fig. S3. In the cRPA case, the dielectric envi-
ronment affects the screening in a considerable q-range
covering e.g. the whole first mini BZ if the dielectric /
metallic gate is as close as d . 10 A˚. These behaviors
connect with Fig. 3 of the main text, where we have
shown that the effective local interaction remains almost
unaffected by the dielectric surrounding in the metallic
state (RPA case) but can vary up to 40 − 50% in the
Mott insulating state (cRPA case).
TEMPERATURE DEPENDENCE OF THE
POLARIZATION FUNCTION
Fig. S4 shows the temperature dependence of the po-
larization function Π0(q) as calculated in the RPA and
cRPA according to Eq. (1) of the main text. We com-
pare T ≈ 50 K (inverse temperature β = 200 eV−1) and
T ≈ 10 K (β = 1000 eV−1). In the cRPA, Π0(q) is essen-
tially temperature independent in this range due to the
fact that cRPA models an effectively gapped system. In
contrast, the RPA polarizability is strongly temperature
dependent: in RPA, Π0(q) increases as the temperature
is lowered, which is understandable from the band width
of the low energy flat bands being on the order of only
a few meV. These results confirm the conclusions drawn
in the main text: in cRPA, the system is sensitive to
the dielectric environment essentially independently of
the temperature. In RPA, on the other hand, the sys-
tem is not affected by the surrounding dielectrics due to
strong internal screening. This statement holds already
at T = 50 K as discussed in the main text and becomes
even more pronounced at smaller temperatures as can be
seen in Fig. S4(a).
9FIG. S2: (Color online) Color maps of the cRPA (top row) and RPA (bottom row) intrinsic polarization matrices at q → Γ
(left column), K (middle column) and M (right column) scattering vectors. Each matrix element corresponds to a pair of G
and G′ vectors, which are labelled according to the indices (m,n), G = mGM1 + nG
M
2 , and 1¯ ≡ −1.
FIG. S3: (Color online) cRPA (top row) and RPA (bottom row) dielectric functions as function of the scattering wave vector
q for various capping layers ε2 at different distances d = 3.35 A˚ (left column), 10 A˚ (middle column) and 20 A˚ (right column).
DEPENDENCE OF INTERNAL SCREENING ON
TWIST ANGLES, DOPING, AND INTERLAYER
COUPLING PARAMETERS
We assess in the following the robustness of the conclu-
sions drawn in the main text with respect to variations in
the experimental conditions (twist angle and doping) and
details of the model employed (interlayer coupling param-
eters). We study the polarization function of tBLG for
twist angles away from the first magic angle 1.05 ◦, finite
doping, and different ratios of AA to AB interlayer cou-
pling u/u′, which corresponds to different assumptions
on vertical relaxations [2, 8, 51].
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FIG. S4: (Color online) (a) RPA and (b) cRPA polarization functions as a function of the scattering wave vector q for two
different temperatures β = 200 eV−1 (T ≈ 50 K, red line) and β = 1000 eV−1 (T ≈ 10 K, blue dash-dotted line) in comparison
to uncoupled tBLG (ΠDirac0 , orange line) from Eq. (3) of the main text. Gc is set to 4. In the cRPA case, the polarization
function is essentially temperature independent and the curves for β = 200 eV−1 and β = 1000 eV−1 are on top of each other.
FIG. S5: (Color online) Twist angle dependence of the RPA (a, b) and cRPA polarization functions (c) in comparison to the
model of uncoupled tBLG (ΠDirac0 , orange continuous line) from Eq. (3) of the main text. Polarization functions calculated
for different twist angles between 1.00 ◦ and 6.00 ◦ are shown in different colors. Calculations were carried out at inverse
temperature β = 1000 eV−1, and Gc = 6. (d) Dielectric engineering of tBLG for twist angles 1.00 ◦ ≤ θ ≤ 1.20 ◦. The effective
interacition as obtained from Eq. (7) of the main text within RPA (solid lines) and cRPA (dotted) is shown. RPA (cRPA)
effective interaction is insensitive (senstive) to the dielectric environment in the whole range of twist angles, similarly to the
case of the magic angle θ = 1.05 ◦ discussed in the main text.
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Twist angle dependence
The twist angle dependence of the internal screening
in tBLG can be understood from Fig. S5. The polariza-
tion functions obtained in RPA are shown in Fig. S5(a)
for twist angles 1.00 ◦ ≤ θ ≤ 2.00 ◦ and in Fig. S5(b)
for θ ≥ 2.00 ◦. Within the range 1.00 ◦ ≤ θ ≤ 1.20 ◦ the
RPA polarization functions behave qualitatively similar
to the magic angle case of θ = 1.05 ◦ in the sense that
the RPA polarization functions exceed by far the model
of uncoupled Dirac fermions. For θ > 2 ◦ the situation
changes and the RPA screening recovers the linear-q de-
pendence as expected from Eq. (3), but with a renormal-
ized Fermi velocity v∗F , where v
∗
F (θ = 3
◦)/vF ≈ 0.882,
v∗F (θ = 4
◦)/vF ≈ 0.895, v∗F (θ = 5 ◦)/vF ≈ 0.927 and
v∗F (θ = 6
◦)/vF ≈ 0.958. In the cRPA case (Fig. S5(c)),
the low q behavior is similar for all twist angles θ < 2 ◦.
Thus, the conclusions on the interplay of external versus
internal screening drawn in the main text will be valid
not only at the magic angle but in an extented range
1.00 ◦ ≤ θ ≤ 1.20 ◦ around the magic angle.
In Fig. S5(d), we show impact of dielectric engineer-
ing on the effective local interaction U as obtained in
RPA and cRPA for twisting angles 1.00 ◦ ≤ θ ≤ 1.20 ◦.
We considered a dielectric ε2 in direct contact with the
tBLG corresponding to the setup depicted in Fig. 1(b) of
the main text, and calculated U according to Eq. (7) of
the main text with qc being rescaled in all cases accord-
ing to the twist-angle dependent moir lattice constants.
In the entire range of twist angles considered, here, the
RPA effective interactions U are insensitive to the dielec-
tric environment, while the effective interactions in cRPA
change with ε2 in a similar manner for all twisting an-
gles. Therefore, we can conclude that our main results
are robust against variations of the twist angle around the
magic angle in the range 1.00 ◦ ≤ θ ≤ 1.20 ◦. This range
of twist angles is far larger than uncertainties of twist
angles in experiments of Refs. 3, 4, 52 and covers the
range of angles within which possible unconventional su-
perconducting and insulating states have been observed
therein.
Doping dependence
In Fig. S6, we show RPA/cRPA polarization functions
for different levels of doping. The band filling ν = n/n0
is given relative to the CNP ν = 0 in multiples of the den-
sity n0 needed to fill one moire´ superlattice band. Due to
spin and valley degeneracy, ν = ±4 then describes fully
empty / filled flat bands and ν = ±2 the half-filled flat
bands. Around half-filling of the positive and negative
flat bands (i.e. ν = ±2), we find that RPA screening
is of the same order as in the undoped case. Significant
changes occur in the RPA case only in the limit of com-
pletely empty / filled flat bands (ν ≈ ±4). The cRPA re-
sults are virtually independent of the doping level. Thus,
our results hold for the range of dopings at which unex-
pected superconducting and insulating states have been
observed in Refs. 3, 4, 52.
Interlayer coupling dependence
The continuum model employed, here, depends sensi-
tively on the ratios of AA to AB interlayer coupling u/u′,
which encodes vertical relaxation effects. Different u/u′
ratios have been employed in the literature [2, 8, 51]. The
work of Ref. 2 assumed equal AA and AB interlayer cou-
pling u/u′ = 1, which neglects the larger interlayer dis-
tance in the AA regions as compared to the AB regions.
To account for these relaxation effects, u/u′ ≈ 0.82 has
been considered in Ref. 8 and also used for all calcula-
tions shown in the main text of this work. In the follow-
ing, we study the impact of variations in the u/u′ ratio
on our results: Fig S7 shows RPA/cRPA polarization
functions for MA-tBLG obtained with u/u′ = 0.70, 0.82
[8], 0.90 and 0.95 . We obtain almost the same polariza-
tion functions as obtained from the model considered in
the main text (u/u′ = 0.82 [8]). Thus, our conclusions
are also robust against variations of the u/u′ ratio in the
low-energy continuum model.
Taken together, we have shown that the conclusions
drawn on the interplay of internal and external screen-
ing in MA-tBLG are robust against variations of system
parameters like twist angle, doping, and details of the
model parametrization.
INFLUENCE OF ENERGY GAPS ON INTERNAL
SCREENING OF MA-tBLG
In the experiments of Refs. [3–5, 52] the opening of
energy gaps at integer filling factors ν has been reported.
In particular, gaps on the order of 0.1 meV - 0.3 meV at
half-filling and other integer fillings ν 6= 0 were found ex-
perimentally in Refs. [3–5, 52]. Gaps found at the CNP
(ν = 0) are likely larger [6, 52]. Currently, the nature
of all these gaps is unclear. If (some of) these gaps arise
from a weak coupling scenario, it can be expected that
screening processes from a low energy window on the or-
der of the gap are suppressed, while all higher energy con-
tributions to the polarization function remain essentially
unaffected. To mimic such a situation, we study how ex-
clusion of polarization processes taking place inside an
energy window of ±∆ around the chemical potential af-
fects the polarization function. To this end, we modify
Eq. (1) from the main text to calculate the polarization
function in the following manner:
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FIG. S6: (Color online) Doping dependence of the RPA (a) and cRPA polarization functions (b) in comparison to the model of
charge neutral uncoupled tBLG (ΠDirac0 , orange continuous line) from Eq. (3) of the main text. Calculations were performed
at inverse temperature β = 1000 eV−1, and Gc = 6. Polarization functions for different moir band filling factors −4 ≤ ν ≤ 4
are marked in different colors. ν = 0 corresponds to the CNP, ν = ±2 to half-filling of the flat bands, and ν = ±4 describes
fully empty / filled flat bands.
FIG. S7: (Color online) Dependence of the RPA (a) and cRPA polarization functions (b) on the ratio of AA to AB interlayer
coupling u/u′. The model of uncoupled tBLG (ΠDirac0 , orange continuous line) from Eq. (3) of the main text is shown for
comparison. Inverse temperature β = 1000 eV−1 and Gc = 6. u/u′ = 0.82 refers to the model considered in the main text and
in [8]. u/u′ = 1 describes the non-corrugated case assumed in [2].
ΠG,G
′
0 (q) =
gsgv
SMN
∑
k
α,β
G2,G
′
2
MαβG2,G′2,G,G′
fαk − fβk+q
iη + Eαk − Eβk+q
[1−Θ(∆− |Eβk+q − µ|)Θ(∆− |Eαk − µ|)]. (14)
This formula reduces to Eq. (1) from the main text for
∆ → 0 and corresponds to a flavor of cRPA, where all
states from a certain energy window ±∆ are assumed
to form the correlated subspace. In this flavor of RPA,
fαk denote the non-modified Fermi functions belonging to
band α at crystal momentum k.
In Fig. S8, we show the polarization function of MA-
tBLG calculated according to Eq. (14) with gaps in the
range of ∆ = 0.05 meV to 1 meV being included in the
simulations. For ∆ ≤ 0.15 meV, the polarization func-
tions are very similar to the ones obtained within full
RPA. Thus, weak coupling instabilities opening gaps in
the . 0.3 meV range can be expected to barely affect
the internal polarization function of tBLG. Correspond-
13
ingly, we expect that the RPA results shown in the main
text are representative for conventional metallic states
and gapped states resulting from weak coupling mecha-
nism, as assumed in the main text. For gaps opened by
strong coupling mechanisms, the situation can be very
different as explained in the main text and illustrated in
the ∆ = 1 meV case in Fig. S8.
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FIG. S8: (Color online) Polarization functions of MA-tBLG excluding of polarization processes taking place inside an energy
windows of ±∆ around the chemical potential according to Eq. (14). For each energy window / effective gap size ∆ three
fillings are considere ν = ±2 (half-filling) and ν = 0 (charge neutraility). Calculations were performed at inverse temperature
β = 1000 eV−1, and Gc = 6.
